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Abstract 
By employing the multiple-scale expansion method, the present work examines non-linear waves 
in a cold collisionless plasma, in the long-wave limit, and obtains a set of KdV equations governing 
various order terms in the perturbation expansion. By seeking a travelling wave type of solution to the 
evolution equations, a set of wave speeds associated with each time parameter are obtained. It is 
shown that the speed corresponding to the lowest order time parameter gives the wave speed of the 
conventional reductive perturbation method. The speeds corresponding to the higher order time 
parameters give the correction terms to the wave speeds of the classical reductive perturbation method. 
Keywords: Ion-acoustic plasma, multiple-scale expansion, solitary waves. 
1. Introduction 
In plasma physics, the theory of one-
dimensional ion-acoustic waves is a typical 
topic in nonlinear waves. As is known, in a cold 
collisionless plasma the dynamical behavior of 
the ions is determined by the presence of 
electrons and, as a result, the ion-acoustic waves 
develop in the medium. Due to nonlinearity of 
the governing equations, in the long-wave limit, 
one obtains the KdV equation for the lowest 
order term in the expansion, the solution of 
which may be described by solitons (Davidson 
[1]). To study the higher order terms in the 
perturbation expansion, the reductive 
perturbation method has been introduced by use 
of the stretched time and space variables 
(Taniuti [2]). However, in such an approach 
some secular terms appear which can be 
eliminated by introducing certain slow scale 
variables (Sugimoto and Kakutani [3]) or by a 
re-normalization procedure of the velocity of the 
KdV soliton (Kodama and Taniuti[4]). 
Nevertheless, this approach remains somewhat 
artificial, because there is no reasonable 
connection between the smallness parameters of 
the stretched variables and the one used in 
perturbation expansion of the field variables. 
The choice of the former parameter is based on 
the linear wave analysis of the concerned 
problem where the wave number or the 
frequency is taken as the perturbation parameter 
(Washimi and Tauiti [5]). On the other hand, at 
the lowest order, the amplitude and width of the 
wave are expressed in terms of the unknown 
perturbed velocity, which is also used as the 
perturbation parameter. This causes some 
ambiguity over the correction terms. In order to 
remove this uncertainty, Malfliet and Wieers [6] 
presented a dressed solitary wave approach, 
based on the assumption that the field variables 
admit a localized travelling wave solution. 
Then, for the long-wave limit, they expanded 
the field quantities into a power series of the 
wave number, which is assumed to be the only 
smallness variable, and obtained the explicit 
solution for various order terms in the 
expansion. However, this approach can only be 
used when one studies the progressive wave 
solution to the original nonlinear wave 
equations and it does not give any idea about the 
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form of evolution equations governing the 
various terms in the perturbation expansion. 
Another attempt to remove this uncertainty 
was made by Demiray [7] who modified the 
conventional reductive perturbation method by 
introducing a scaling parameter and expanding 
it into a power series of the same smallness 
parameter and balancing higher order 
nonlinearity with higher order dispersive effect. 
This requirement made it possible to remove the 
secularities that might occur and to determine 
the higher order correction terms to the wave 
speed. The result obtained in [7] was found to 
be in complete agreement with that of Malfliet 
and Wieers [6]. 
In the present work, by employing the 
multiple scale expansion method, various KdV 
equations governing the various order terms in 
the perturbation expansion were derived. By 
seeking a progressive wave solution for the 
evolution equations a set of wave speeds 
corresponding to various order time parameters 
was obtained. It is shown that the wave speed 
corresponding to the lowest order time 
parameter r gives the wave speed of the 
classical perturbation expansion, whereas the 
wave speeds corresponding to higher order time 
parameters give the speed corrections terms. 
The results obtained here are exactly the same 
as those given in Malfliet and Wieers [6] and 
Demiray [7], 
2. Long-Wave Approximations 
The well-known dimensionless set of 
equations describing nonlinear ion-acoustic 
waves in a one-dimensional collisionless plasma 
is (Davidson [1]): 
dn d * . _ 
— i + — («,«) = 0, 
dt dxX ' ' 
Yl 
where u is the flow velocity of ions, ' is 
the ion density and ^ is the electric potential. 
Denoting the fluctuation of the ion density from 
its equilibrium value by n^-e->ni + t j j e 
above equations can be written as: 
dn du d , . . 
— + — + — {nu) = 0, 
dt dx dx 
du du d(p Λ — + u — + — = 0, 
dt dx dx 
32 
—% + \ + n-exx){(p) = 0. 
dx1 V ' (2) 
Now, the following stretched coordinates 
are introduced: 
ξ = ει,2(χ-α), T = ei,2t, 
_ „3/2+nt , rs τη = ε t, η = 1,2... (3) 
where ε is a parameter characterizing the 
smallness of certain physical entities and c is a 
constant to be determined from the solution. 
Intducing (3) into equation (2) results in the 
following: 
dn dn Λ t+, 3n du d , x . -c— + ε—+> ε + — +—(nu) = 0, 
dξ dT tr drk dξ dξy ' 
du du v^ -c— + ε — + > 
a £ a ^ i—i 
i+1 du du dm Λ ε -— + u — η — — = 0, 
9ξ dz k=l dzk δξ δξ 
du du d(p 
— + u — + — = 0, 
dt dx dx 
^ - f + #! , . -exp(p) = 0, 
ox 
q2 
ε +1 + « - exp ( φ ) = 0. 
(4) 
Throughout this work it is assumed that the 
(1) field variables may be expressed as asymptotic 
series of ε as: 
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n = Σ ε ' η ι (ξ>τ>τ*)> u = Σ ε % τ > ) 
7=1 Μ 
φ = ^φ](ξ,τ,τΙι). 
7=1 (5) 
Introducing the expansion (5) into 
equations (4) and setting the coefficients o f like 
powers of ε equal to zero gives the following 
sets of differential equations: 
Ο (ί2) equations: 
δη, dn, δ«, d , λ Λ 
-c—- +—L + —— + — [n,u, ) = 0, 
δξ δτ δξ δξ " 
du1 du, du, δφΊ 
-c—L + —L + u, —L + —^ = 0, 
δξ δτ 1 δξ δξ 
, „ „ 1 „2 
(7) 
Ο [ε) equations: 
- c — + — = 0, - 3 + ^ = 0, 
« , - ρ , = 0 . (6) 
Ο (ε3 ^equations: 
δη, δη., δη, δ«, δ , χ -c—=*- +—- + —L + —- + — (nxu2 + n2ux) = 0, 
δξ δτ δτ, δξ δξ 
du, du-, du, δ δφ3 
a e a_ aeV 1 2 ' a t δ £ δ τ δτ , 
5 Ψΐ Ψ\ Λ 
(8) 
Ο ( f 4 ) equations: 
δ«, δ«, δη., δη, δ« . δ , λ 
- c — - + — — + — - + — L + — - + — (n,u, + « , « , + ) = 0, 
δξ δτ δτ , δ τ 2 δξ δξΚ 1 3 2 2 3 
δ«, δ« , δ« , δω, du, 
-c—1 + — L + — - + — L + — L 
δξ δτ δτ , δ τ 2 δξ 
.2 Λ 
uxu 3 +' 
d φ?, ι 4 ι 2 ι 2 η + --φχφ2--φ2-φχφ^-φ,=0. 24 (9) 
2.1. Solution of the field equations 
In this sub-section the localized 
solution to the field equations given in (6)-(9) is 
presented. The solution of the set (6) gives: 
nx = ux = φχ(ξ,τ,τΙί), c = l, (1Q) 
where ^ j s an unknown function 
whose governing equation will be obtained later. 
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Introducing (10) into equations (7) gives the 
following: 
^ Λ Α ^ Μ = ο, - + — 
δξ δξ δτ 
δη 
δξ 
u δφ2 δφχ δφ. Λ - + -r2- + —— + φ, = 0, 
ξ δξ δτ 1 δξ 
5 V , 
ö^ 2 
+ η2-φ2 <ρ2 =0. 
( 1 1 ) 
π u 
Solving equations (11) for 2 and 2 in 
terms of yields: 
"2 = -
1 5 V , 
2 
1 2 δ \ ηΊ-φ2 + — φ. , 2 2 2 1 
9>2^»T'Tk) Js 
(12) 
where v ' ' is another unknown 
function whose governing equation will be 
obtained later. Eliminating u2>n2 a n ( j Ψ2 
between the equations (11) the following 
Korteweg-deVries equation is obtained: 
dtp. δφ, 1 öV, _ 
a r a ^ 2 a<f (13) 
o M 
To obtain the solution to v ' equations, 
introducing (10) and (12) into (8) yields : 
a£ δξ δτ 2δξ2δτ dt, a^v 1 2/ 
Ι Α 
2 a £ 
' 5 V , Λ = 0, 
δ2φ2 φ\ , 
(14) 
Solving (14) for Uy and in terms of 
results in: 
I 1 gV i 
2 a<f 4 1 a<f 8 [ a ^ J 4 a ^ a r : 
δ2φ2 φ\ 
(15) 
Φ I £ τ τ I 
where ^ ' ' k ' is another unknown 
function whose governing equation will be 
obtained from the higher order expansion. 
U Yl (D 
Eliminating 3 ' 3 and Ύ ι between the 
equations (14) the following evolution equation 
is obtained: 
M + A ( W 2 ) + A % = < ? , ( « , , ) , 
δτ δξχψχ 2' 2 δξ' Λψχ> (16) 
where the function ^ ^ is defined by: 
, v " 2 1 a r 4 a ^ 2 a r 
a / 7 3 | d u 3 | a ^ t a ^ 2 | a ^ , a y , 
a<* a ^ a r , a r 1 a r a ^ 2 a r 
+ 
a « ? , a y a V , ι 2 
δξ δξ' 
• + φχ 
δξ' <Ρχ δξ (17) 
„ a , ν a 
+2—(<»<»,) + — 
δξΚΨχΨι} δξ 
ι 3 3 a > , 
The equation (16) is the degenerate (linear) 
= 0, KdV equation with non-homogeneous term 
Si ( f t ) · 
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or the solution of 
have: 
£ ) equations and are eliminated between the equations (9) to 
δ , χ δ , \ d t \ 0V δ r 
1 1 1 ^ 
( 2 « 3 + « 3 ) + U2n2 + Τ « 2 " tf " ~ " Γ ] = 0 · 2 24 2 2 (18) 
Introducing the solution given in (12) and 
(15) into (18), the following evolution equation 
is obtained: 
δτ δξ 2 δξ (19) 
where the function >^2) is defined 
by: 
δφ2 3 3 Vi 1 d<P\ δφ} 
-~<P\ 
3r , 4 δξ δτχ 2 d r 2 
2.2. Solitary waves 
In this sub-section the localized 
travelling wave solution to the field equations 
(13), (16) and (19) is studied. For that purpose 
the following type of solution is sought: 
φ, = φ,(ζ), 
ζ = α [ξ - (g0T + g]rx + g2r2 + )] 
5 
(/ = 1,2,3..), (21) 
δ_ 
δτ 
3 a y 2 3 a y a y , | 1 
4 2 8 ' a £ 2 a £ 2 16 
λ2 
1 a y 1 φ\ ~ 
s a ^ a r 2 1 2 12 
1 2 + _ L „ 2 




1 4 5 2 d V i 5 
16 1 8 1 δξ 16 
•-φ, 
8 1 
1 δ <Ρχ 
+ -<Ρ\—— 
4 Ψλ δξδτ 
(20) 
As is seen from the equation (19) the 
3 
evolution equation for b order term is again 
the linearized KdV equation with non-
homogeneous term. 
where a , ^o , S\ ->S 2 ' · · · a r e s o m e constants 
to be determined from the solution. Introducing 




where a prime denotes the differentiation of 
the corresponding quantity with respect to ^ . 
Integrating equation (22) with respect to ^ and 




1 2 oc' . Λ 
-goVi + + ~Γ<Ρ ι = 0 -
2 2 (23) 
The ordinary differential equation (23) 
admits a solitary wave solution of the form 
φλ = α steh2 ζ 
a = 
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To obtain the solution for the second- order 
terms , (21) is introduced into equation (16), 
which results in: 
\α*φ2+α(φλφ2) - g0a<p' = Ξ λ ( φ χ ) . 
2 (25) 
Integrating (25) with respect to ^ and 
using the localization condition results in: 
/ 
<p"2 + 4 <P\ - 1 Ψι =Τχ{φχ\ 
β ο 
where τ Μ is defined by: 
(26) 
Ά ( ρ ) = — P . + ψχ - ^ Ψ ' + Μ Ψ Ι - - < P \ α 2 α 
(27) 
The solution of the homogeneous equation, 
derived from (26) 
+ 4(3 sec/z 2 - 1 ) ^ 2 = 0 
may be given by 
(Pjh = tf, s e c ϊ ι 2 ζ t a n h ζ , (28) 
where ü ] is an arbitrary constant 
representing the wave amplitude at this order. 
For the particular integral of (26) it is proposed 
that: 
φ2ρ = a 0 sec Η2ζ + α2 sec Η^ζ, 
(29) 
where a ° and 0 2 , are two constants to be 
determined from the satisfaction of (26). 
Carrying out the derivate of (29) and calculating!; (φ ι ) produces the following equation: 
( l 2 a 2 + 6 a 0 ) s e c / z 4 ^ - S a 2 s e c / j 6 ^ 
= 2(6g , - a2 ) s e c h 2 ζ + 12a 2 sec h'ζ - 1 4 a 2 s e c ^ ζ 
(30) 
• · · opp Ιη ̂  
Here, in equation (30), there is no ' 
term on the left hand side to balance such a term 
on the right hand side. To remove this secularity 
the following condition is necessary: 
6 g l - a 2 = 0 , £1 = 
a 
(31) 
From the solution of the remaining terms it 
follows that: 
3 2 7 2 a0 = - - a , a2 = - a . 
(32) 
To obtain the solution for the third order 
terms, (21) is introduced into equations (19) 
and (20), the result is integrated with respect to 
£ and the localization condition is employed to 
obtain the following equation: 
p3* + ( l 2 s e c Η 2 ζ - Λ ) ρ 3 =Τ2(φχ,φ2)^ ( 3 3 ) 
where T2 fe»^) is defined by 
12 5 ci 
Τ2(φνφ2) = —^ φχ+2αφ2—-α2φ"χ+^(φ,)2 
ü 1 ο ζ 
a „ 5a „ α ι ,\i 
~ 2 φ ι + η φ χ φ λ ~ 2 4 ^ φ χ ' φχ(Ρ2 
+ \ < p l - - { < P 2 )2 - -(<Pi )2 φ2 + 2φ"φ2 + 2φ, φ"2 
3 a a 
(34) 
A particular solution to equations (33) and 
(34) takes the form: 
φ3 =b0 sec/72<^ + £, sec/74<^ + 62 sec/z6^ 
(35) 
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b b h where 1 and 2 are some constants to 
be determined from the solution of equation 
(33). Introducing (35) into (33) results in the 
following: 
(6b0 +12A, )sec A4<£" + (32b2 -8Z>,)sec/?V 
- 3 0 6 2 s e c / z V = 12 g2 
10 
-a sec 
107 3 4 333 3 6 943 , 8 α sec« ζ η a sec h ζ a sec η ζ 
And to remove the secularity: 
5 3 
Si =—a 6 2 54 
(36) 
(37) 
From the solution of the remaining 






b, = 943 
240 (38) 
Thus the particular solution for the third 
order terms is given by: 
φj - ^ ( 3 0 6 sec Ιι2ζ -1223 sec A V + 943 sec A6^) 
(39) 
This result is exactly the same as those 
obtained by Malfliet and Wieers [6] and 
Demiray [7], The present derivation can be 
reduced to the modified reductive perturbation 
method presented in [7] by introducing the 
ξ = ευ2(χ-οί) stretched coordinates v ' ' 
3 /2 
τ ~ S £ t a n c j expanding the scaling 
parameter g, as well as other field variables, into 
a power series of the smallness parameter ε . 
3. Conclusions 
Using the multiple- scale expansion method 
in the time variables, the propagation of weakly 
nonlinear waves in a collisionless cold plasma 
was studied and a set of KdV equations as the 
evolution equations was presented. By seeking a 
progressive wave solution to these evolution 
equations a set of wave speeds associated with 
each time parameter was obtained. It is shown 
that the lowest order wave speed corresponds to 
the wave speed found in the conventional 
reductive perturbation method. It is also 
observed that the remaining wave speeds 
associated with the scaling times correspond to 
various order correction terms to the wave speed 
obtained by the classical reductive perturbation 
method. This method is quite systematic and can 
be used to obtain the higher order correction 
terms in wave speed. 
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